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Linear Extension Diameter

/2ph G(P) ~ (V. E) of P

o
nly i they diffler only in
i of poins.

LLinear Extension Diameter

Another way to think about led is as the largest number of unordered
incomparable pairs that can appear in opposite order in a pair of
linear extensions.

NP-complete in general. Polynomial via dynamic programming for
width 3.
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Linear Extension Diameter

h G(P) = (V.E)of P

and
. extensions are a  only i they differ only in
the transpositon of a single (adjacen) pair of points.

LLinear Extension Diameter

he te poset P, denoted led(P). s the
‘diameer o s livear extension graph G(P).

Another way to think about led is as the largest number of unordered
incomparable pairs that can appear in opposite order in a pair of
linear extensions.

NP-complete in general. Polynomial via dynamic programming for
width 3.
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Linear Extension Diameter

LExample 11 >—<>~

Here we’ve got four incomparable pairs and the diameter is four.



2011-07-07

Another Example

Reversal Ratio

Linear Extension Diameter w
LAnother Example »

Edges are colored in such a way that all edges colored a given color
correspond to swapping the same incomparable pair. (Red = 4-6,
Green = 2-3) Now we’ve got seven pairs but the led is six.
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L Reversal Ratio

Reversal Ratio

Let Pbe a poset and Ly, L lnear extensions o P. We define the
reversal atoofthe pair (L, Lz) as

)~ 22l

The reversal ratio of P is

AA(P) = S~ o RAP. L. La)
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A Constant Bound? o AP =1 and ol i) =2

LBounding Reversal Ratio

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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A Constant Bound? o AR =1 and ol i) =2

o Ifdim(P) = d'and R s a realizer of P, then

Y dist(LiL)
e

LBounding Reversal Ratio

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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A Constant Bound? o AR =1 and ol i) =2

o Ifdim(P) = d'and R s a realizer of P, then

Eﬁmq; < (g)uea[p,

LBounding Reversal Ratio

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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A Constant Bound? o ) =1

o lfdim(P) =

(d - 1)inc(P) < Eﬁmq; < (g)ueam

LBounding Reversal Ratio

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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A Constant Bound? o ) =1

o lfdim(P) =

(d - 1)inc(P) < Eﬁmq; < (g)ueam

LBounding Reversal Ratio

50 AA(P) > 2/d.

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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A Constant Bound? o ) =1

o lfdim(P) =

LBounding Reversal Ratio _—
o ey .l e .

e Every term is at most led(P). Each incomparable pair contributes to the
sum at least d — 1 times. (Minimum is if it's in one order in d — 1 linear
extensions and the other only once.)

e Take the pair of linear extensions that reverses the large antichain.
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LBounding Reversal Ratio

e Large dimension, many incomparable pairs, width not too big leads to
thinking about 2".

e inc(2") ~ 2271 and Felsner-Massow’s work implies that (P) > 1/2 for
downset lattice of 2-dimensional posets.

¢ Note that people seem to keep forgetting that the answer to this questic
is “No.”

¢ Brightwell’s original example uses random graph orders. (Gp,  for
suitable p and let i < j if they are joined by an edge. Take transitive
closure.)
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Reversal Ratio
A Constant Bound?

LBounding Reversal Ratio

e Large dimension, many incomparable pairs, width not too big leads to
thinking about 2".

e inc(2") ~ 2271 and Felsner-Massow’s work implies that (P) > 1/2 for
downset lattice of 2-dimensional posets.

¢ Note that people seem to keep forgetting that the answer to this questic
is “No.”

¢ Brightwell’s original example uses random graph orders. (Gp,  for
suitable p and let i < j if they are joined by an edge. Take transitive
closure.)



2011-07-07

Reversal Ratio
A Constant Bound?

LHow small can RR(P) be?

How small can RR(P) be?

widh k with RR(Py) < C/ logk.
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Lot G ~ (AL B, ) be a bipartte graph with |A] ~ [B| ~ k. We say that
G has the doubiing propery i for every Y  Awith Y| < k/3,
IN(A)| > 24|

LDoubling Property

1. Doubling property is an example of vertex expansion property, so such
G is a (1/3,2) vertex-expander. Explicit constructions of (1/3,2)
vertex-expanders exist: Ramanujan graphs, but construction is very
complex.

2. Probability at least 1 — 2/k5.
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A Constant Bound?

LDoubling Property

Doubling Property

Lot G — (AL B, E) be a bpa
G has the doubiing property
IN(A)| > 24|

Let Gy(A, B) be a random o'
and

oach
property with high probabily.

1. Doubling property is an example of vertex expansion property, so such
G is a (1/3,2) vertex-expander. Explicit constructions of (1/3,2)
vertex-expanders exist: Ramanujan graphs, but construction is very

complex.
2. Probability at least 1 — 2/k5.
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L Gonstruction of Py

Construction of Px

Random, d-regular,

bipartie graph <log k antichains.
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A Constant Bound?

LAnalysis of Pg

e Comes straight from counting how many elements a fixed element can
be comparable to (geometric series).

e This is where the doubling property comes into play. When taking sets ¢
size t at different levels and trying to push them past each other, you'll
be blocked by a comparability that the doubling property ensures.
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A Constant Bound?

LAnalysis of Pg

e < ekt

e Comes straight from counting how many elements a fixed element can
be comparable to (geometric series).

e This is where the doubling property comes into play. When taking sets ¢
size t at different levels and trying to push them past each other, you'll
be blocked by a comparability that the doubling property ensures.
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Posets of fixed dimension

For d >2, define gaa(d) = inf(RA(P): dim(P) = d}.

LPosets of fixed dimension _

First observation is that ggr(2) = 1. Recall from earlier also that
9rr(d) > 2/d.
Felsner-Massow gives an exact formula for led(n?)
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Posets of fixed dimension

For d >2, define gaa(d) = inf(RA(P): dim(P) = d}.

@ Standard example S,?  AR(Ss) —+ 1

LPosets of fixed dimension

First observation is that ggr(2) = 1. Recall from earlier also that
9rr(d) > 2/d.
Felsner-Massow gives an exact formula for led(n?)
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Posets of fixed dimension

For d >2, define gaa(d) = inf(RA(P): dim(P) = d}.

@ Standard example S,7

LPosets of fixed dimension

RA(S) 1

First observation is that ggr(2) = 1. Recall from earlier also that
9rr(d) > 2/d.
Felsner-Massow gives an exact formula for led(n?)
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Posets of fixed dimension

LPosets of fixed dimension

Posets of fixed dimension

For d >2, define gaa(d) = inf(RA(P): dim(P) = d}.

@ Standard example S,?  AR(Ss) —+ 1
s d-dimensional grid? RA(n%) 12 (Felsner-Massow)

First observation is that ggr(2) = 1. Recall from earlier also that

9rr(d) = 2/d.
Felsner-Massow gives an exact formula for led(n?)
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Posets of fixed dimension

For d >2, define gaa(d) = inf(RA(P): dim(P) = d}.

RA(S) 1
RA(NY) + 1/2 (Felsner Massow)

LPosets of fixed dimension

First observation is that ggr(2) = 1. Recall from earlier also that
9rr(d) > 2/d.
Felsner-Massow gives an exact formula for led(n?)
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Posets of fixed dimension

ﬁmmq

LDimension of Px

The proof counts the number of incomparable max-min pairs and
then uses the doubling property to estimate how many a pair of linear
extensions could reverse. This allows us to give a lower bound on the
size of a realizer of Py.
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Posets of fixed dimension

sa ) ok

LDimension of Px her i aconsan! © suh i g < /g d a2

The proof counts the number of incomparable max-min pairs and
then uses the doubling property to estimate how many a pair of linear
extensions could reverse. This allows us to give a lower bound on the
size of a realizer of Py.
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Posets of fixed width

For w > 2, define han() = in[AA(P): widh(P) = )

LPosets of fixed width

Width 2 is not interesting, since dim < width. Inequality follows from
this and is only valid for 3 because of this.

The 5/6 bound comes from stacking standard examples. Add six new
critical pairs (three horizontal, three vertical) and can reverse five of
them.
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Posets of fixed width

For w > 2, define han() = in[AA(P): widh(P) = )

LPosets of fixed width g H

Width 2 is not interesting, since dim < width. Inequality follows from
this and is only valid for 3 because of this.

The 5/6 bound comes from stacking standard examples. Add six new
critical pairs (three horizontal, three vertical) and can reverse five of
them.
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Posets of fixed width e ——
LPosets of fixed width g H
her(3) < 5/6

Width 2 is not interesting, since dim < width. Inequality follows from
this and is only valid for 3 because of this.

The 5/6 bound comes from stacking standard examples. Add six new
critical pairs (three horizontal, three vertical) and can reverse five of
them.
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A vexing example

@ 2y has tk points per chain

LA vexing example

We’ve got the reversal ratio is at least 3/4 for this family of posets, but
could it be higher? k = 3 can be through a bit of cheating.
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LA vexing example

We’ve got the reversal ratio is at least 3/4 for this family of posets, but
could it be higher? k = 3 can be through a bit of cheating.
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Posets of fixed width

LA vexing example

We’ve got the reversal ratio is at least 3/4 for this family of posets, but
could it be higher? k = 3 can be through a bit of cheating.
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Posets of fixed width o ez = (6-9)(5)
e
oz = (s1-1+[452]) (5)

LA i | L
vexing example e
SE wisire
A C1/A2/8,

A/81/Cy ﬁ:

We’ve got the reversal ratio is at least 3/4 for this family of posets, but
could it be higher? k = 3 can be through a bit of cheating.
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Summary +ron in 1) < /b sty

LOpen Problems

e Reasonable: number of points, width, etc.

e Dimension question, we think it's more likely to be closer to the upper
bound than the lower.
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ith RR(P) < C/log nfor n suficiently
eter of

Reversal Ratio
Summary

(P) > f(n)for al P with na

LOpen Problems

e Reasonable: number of points, width, etc.

e Dimension question, we think it's more likely to be closer to the upper
bound than the lower.



2011-07-07

Open Problems

ith RR(P) < C/log nfor n suficiently
P.

Reversal Ratio
Summary

= f(n) for all Pwith na

LOpen Problems

e Reasonable: number of points, width, etc.

e Dimension question, we think it's more likely to be closer to the upper
bound than the lower.
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Summar o Find a iy of posels with RA(P,) < G lognfor n suicienty
y ey
o Does ters st () 5o that RR(P) > () for all P with
“reasonable” paramete o P

o g -
© 5 < 9m(@) < g (openfom d = 4)

LOpen Problems s sh—

e Reasonable: number of points, width, etc.

e Dimension question, we think it's more likely to be closer to the upper
bound than the lower.
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Summary

LOpen Problems

e Reasonable: number of points, width, etc.

Open Problems

e o o o e
large, n a ‘reasonable" parameter of P
o Doss teroeis () so that AA(P) > Ty foraPwin na
P

o 5 < om(@) < 5
@ Bounds for hga(w) in general.

hes(3) = 3/4

(open from d = 4)
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L Thank You
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