Reversal Ratio and Linear Extension Diameter

Graham Brightwell and Mitchel T. Keller

Department of Mathematics
London School of Economics and Political Science

CanaDAM 2011
2 June 2011

LSE

Mitch Keller (LSE) Reversal Ratio CanaDAM 2011 1/17



0 Linear Extension Diameter
e A Constant Bound?
e Posets of fixed dimension

0 Posets of fixed width
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Linear Extension Diameter

Let P be a finite poset. The linear extension graph G(P) = (V, E) of P
is defined as follows:

@ V is the set of all linear extensions of P and

@ two linear extensions are adjacent if and only if they differ only in
the transposition of a single (adjacent) pair of points.
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Linear Extension Diameter

Let P be a finite poset. The linear extension graph G(P) = (V, E) of P
is defined as follows:

@ V is the set of all linear extensions of P and

@ two linear extensions are adjacent if and only if they differ only in
the transposition of a single (adjacent) pair of points.

Definition (Felsner and Reuter 1999)

The linear extension diameter of a finite poset P, denoted led(P), is the
diameter of its linear extension graph G(P).

v
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Example
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Another Example

152346

125346

Felsner and Massow (2011)
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135624 315624
153264
152364 135264 315264
153246
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125364 132564 312564
1235641/132546 312546
123546 132456 312456
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Reversal Ratio

Definition

Let P be a poset and Ly, L, linear extensions of P. We define the
reversal ratio of the pair (L1, Ly) as

dist(L4, L
RR(P; Ly, Lp) = —in(c (1P) 2)

The reversal ratio of P is

_led(P) _ _
RR(P) = cipy = Max AA(P: Ly, L2)
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Bounding Reversal Ratio

@ RR(P) =1 ifand only if dim(P) =2
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ If dim(P) = d and R is a realizer of P, then

> dist(L;, L)
L,',L/ER
i#i
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

> dist(Ly, L) < <g> led(P),
L,',L/ER
i
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

(d—1)inc(P) < > dist(L;, L)) <g> led(P),

Li,LierR
%
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

d
(d—1)inc(P) < > dist(L;, L)) <2>Ied(P),
LLeR
i#i

so RR(P) > 2/d.
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

(d—1)inc(P) < > dist(L;, L)) (g) led(P),

Li,LierR
%

so RR(P) > 2/d.

@ If width(P) = c|P| for ¢ > 0, RR(P; L1, Lp) is large if Ly and Lp
reverse the large antichain.
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

(d—1)inc(P) < > dist(L;, L)) (g) led(P),

LLierR
%
so RR(P) > 2/d.
@ If width(P) = c|P| for ¢ > 0, RR(P; L4, L,) is large if Ly and L,
reverse the large antichain.
@ Is there a ¢ > 0 such that RR(P) > c for all P?
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

(d—1)inc(P) < > dist(L;, L)) (g) led(P),

LLierR
%
so RR(P) > 2/d.
@ If width(P) = c|P| for ¢ > 0, RR(P; L4, L,) is large if Ly and L,
reverse the large antichain.
@ Is there a ¢ > 0 such that RR(P) > c for all P?

e n-dimensional Boolean lattice? led(2") = 2272 — (n+ 1) . 272
(Felsner-Massow 2011)
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

(d—1)inc(P) < > dist(L;, L)) (g) led(P),

L,,L R
%
so RR(P) > 2/d.
@ If width(P) = c|P| for ¢ > 0, RR(P; L1, Lp) is large if Ly and Lp
reverse the large antichain.
@ Is there a ¢ > 0 such that RR(P) > c for all P?
e n-dimensional Boolean lattice? led(2") = 2272 — (n+ 1) . 272
(Felsner-Massow 2011)

o No! Felsner-Reuter (1999) and Felsner-Massow (2011) cite
personal communication from Brightwell. |.S[
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Bounding Reversal Ratio

@ RR(P) =1 if and only if dim(P) =2
@ Ifdim(P) = d and R is a realizer of P, then

d
(d—1)inc(P) < > dist(L;, L) <2> led(P),
L,,L €ER
%
so RR(P) > 2/d.
@ If width(P) = c|P| for ¢ > 0, RR(P; L1, Lp) is large if Ly and Lp
reverse the large antichain.
@ Is there a ¢ > 0 such that RR(P) > c for all P?
e n-dimensional Boolean lattice? led(2") = 2272 — (n+ 1) . 272
(Felsner-Massow 2011)
o No! Felsner-Reuter (1999) and Felsner-Massow (2011) cite

personal communication from Brightwell.
e Unpublished example difficult to analyze. LSE
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How small can RR(P) be?

Theorem (BK 2011+)

For every sufficiently large positive integer k, there exists a poset Py of
width k with RR(Px) < C/log k.
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Doubling Property

Definition

Let G = (AU B, E) be a bipartite graph with |A| = |B| = k. We say that
G has the doubling property if for every Y c Awith | Y| < k/3,

IN(A)| > 2|A|.
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Doubling Property

Let G = (AU B, E) be a bipartite graph with |A| = |B| = k. We say that
G has the doubling property if for every Y c Awith | Y| < k/3,

IN(A)| > 2]A.

Lemma

Let G4(A, B) be a random d-regular bipartite graph on vertex sets A
and B of size k, chosen according to the configuration model. For
each d > 10 and k sufficiently large, G4(A, B) has the doubling
property with high probability.
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Construction of P,

Random, d-regular

bipartite graph e log k antichains

o0 000000
k points LSE
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Analysis of Py

Proposition
The number of incomparable pairs in Py is at least

gzszk2 log® k.
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Analysis of Py

The number of incomparable pairs in Py is at least

252/@ log® k.

For k sufficiently large,

led(Px) < %gakz log k.
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Posets of fixed dimension

Definition
For d > 2, define gpp(d) = inf{ RR(P): dim(P) = d}.

Bounding grr(d)
@ Standard example S,?
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Posets of fixed dimension

Definition
For d > 2, define gpp(d) = inf{ RR(P): dim(P) = d}.

Bounding ggr(d)
@ Standard example S,? RR(Sp) — 1
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Posets of fixed dimension

Definition
For d > 2, define gpp(d) = inf{ RR(P): dim(P) = d}.

Bounding ggr(d)
@ Standard example S,? RR(Sp) — 1
@ d-dimensional grid?
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Posets of fixed dimension

Definition
For d > 2, define gpp(d) = inf{ RR(P): dim(P) = d}.

Bounding ggr(d)
@ Standard example S,? RR(S,) — 1
@ d-dimensional grid? RR(n%) — 1/2 (Felsner-Massow)
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Posets of fixed dimension

Definition
For d > 2, define gpp(d) = inf{ RR(P): dim(P) = d}.

Bounding ggr(d)
@ Standard example S,? RR(S,) — 1
@ d-dimensional grid? RR(n%) — 1/2 (Felsner-Massow)

@ grr(3) = 2/3 by considering n®
® 1/2<grr(4) <4/7
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Theorem (BK 2011 +)
There exists a constant ¢ such that with high probability, dim(Px) > ck.
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Dimension of P

Theorem (BK 2011 +)
There exists a constant ¢ such that with high probability, dim(Px) > ck.

There is a constant C such that ggr(d) < C/logd for all d > 2.

LSE

Mitch Keller (LSE) Reversal Ratio CanaDAM 2011 13/17



Posets of fixed width

Definition

For w > 2, define hgr(w) = inf{ RR(P): width(P) = w}.
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Posets of fixed width

Definition
For w > 2, define hgr(w) = inf{ RR(P): width(P) = w}.

Observation

hrr(3) > grr(3)
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Posets of fixed width

Definition
For w > 2, define hgr(w) = inf{ RR(P): width(P) = w}.

hrr(3) > grr(3)

hrr(3) < 5/6
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A vexing example

AW ZANN

@ Z; , has tk points per chain
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A vexing example

@ Z; , has tk points per chain

® inc(Z;x) = (6t —3) (g)

@ Can show

led(Zex) > (st— 1+ F’t; ZD @
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A vexing example

@ Z; , has tk points per chain

® inc(Z;x) = (6t —3) (g)

@ Can show
led(Z ) > <3t— 1+ F’tQQD (g)
L L
Ca B/ Ca
C3/A4/Ba Ay
Bs A3/Bs/Cs
B>/Cz2/As Co
Ao Cq /AQ/BQ
A1/B1/Cy B;
Aq

Mitch Keller (LSE) REVEICEINRE(] CanaDAM 2011 15/17



Open Problems

@ Find a family of posets with RR(P,) < C/ log n for n sufficiently
large, n a “reasonable” parameter of P,,.
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Open Problems

@ Find a family of posets with RR(P,) < C/ log n for n sufficiently
large, n a “reasonable” parameter of P,,.

@ Does there exist f(n) so that RR(P) > f(n) for all P with na
“reasonable” parameter of P?
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Open Problems

@ Find a family of posets with RR(P,) < C/ log n for n sufficiently
large, n a “reasonable” parameter of P,,.

@ Does there exist f(n) so that RR(P) > f(n) for all P with na
“reasonable” parameter of P?

2 C
— < < - —
o gs 9grr(d) < 09 d (open from d = 4)
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Open Problems

@ Find a family of posets with RR(P,) < C/ log n for n sufficiently
large, n a “reasonable” parameter of P,,.

@ Does there exist f(n) so that RR(P) > f(n) for all P with na
“reasonable” parameter of P?
2 C
=< < —— =

® 4 =9rr(d) < log d (open from d = 4)

@ Bounds for hgg(w) in general.

LSE

Mitch Keller (LSE) Reversal Ratio CanaDAM 2011 16/17



Open Problems

@ Find a family of posets with RR(P,) < C/ log n for n sufficiently
large, n a “reasonable” parameter of P,,.

@ Does there exist f(n) so that RR(P) > f(n) for all P with na
“reasonable” parameter of P?

2 c
® 4 =9rr(d) < log d (open from d = 4)

@ Bounds for hgg(w) in general.

Conjecture (BK)

hrr(3) = 3/4
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Thank You
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Contact
Email: M.T.Keller@lse.ac.uk
Web: http://rellek.net
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