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1. (5 points) Using the ε, δ method, show that

lim
x→−1

(−4x + 2) = 6.

Solution: Let ε > 0. We seek a δ > 0 so that if 0 < |x − (−1)| < δ, then
|(−4x + 2)− 6| < ε. To do this, note that

|(−4x + 2)− 6| = | − 4x− 4| = | − 4(x + 1)| = | − 4||x + 1| = 4|x + 1|.

Since we want this to be less than ε when 0 < |x + 1| < δ, this suggests that we try
δ = ε/4.

We now show that this δ “works.” To do this, we see that if 0 < |x + 1| < δ = ε/4,
then

ε > 4|x + 1|
= | − 4||x + 1|
= | − 4x− 4|
= | − 4x + 2− 6|,

which is what we desired. Therefore, the proof is complete.

2. (5 points) Consider the sequence an defined by

an =

{
2−(n+1)/2 n odd;

3−n/2 n even.

Is the sequence monotonic? If so, what type of monotonicity does it exhibit? If not, why
is it not monotonic? Does the sequence an converge? If so, state its limit and explain
why that is the limit. If not, explain why it diverges.

Solution: We write out the first few terms of the sequence and see that they are

1

2
,
1

3
,
1

4
,
1

9
,
1

8
, . . . .

Since a3 = 1/4 > 1/9 = a4 and a4 = 1/9 < 1/8 = a5, we see that the sequence is not
monotonic.

The sequence does, however, converge to 0. To see this, note that for n = 1, 2, . . .
we have 0 < an < 1/n. We know that 1/n → 0 as n →∞, and thus by the pinching
theorem for sequences, we have that an → 0 as n →∞.
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3. (5 points) Determine if the limit

lim
t→0

t2 sin(3t) + 6t4 − t3 cos(2t)

tan(3t)(1− cos(at))

exists. If it does, find its value, and if it does not, explain why. (Assume that a 6= 0.)

Solution: This is an indeterminate form of type 0/0. Thus, we can’t just evaluate
the target function at 0 to compute the limit. To compute the limit, we thus begin by
converting the 1−cos(at) to a sin2(at) by multiplying the numerator and denominator
by 1+cos(at), since (1−cos(at))(1+cos(at)) = 1−cos2(at) = sin2(at). This converts
our limit to

lim
t→0

[
1 + cos(at)

sin2(at)

t2 sin(3t) + 6t4 − t3 cos(2t)

tan(3t)

]
.

We proceed to factor a t2 out of the numerator and multiply numerator and denom-
inator by a2 (so that we have a pair of at’s in the numerator to so with the sin(at)’s
in the denominator) and have that our limit is now

lim
t→0

[
1 + cos(at)

a2

a2t2

sin2(at)

sin(3t) + 6t2 − t cos(2t)

tan(3t)

]
.

We now know the limit of the first factor is 2/a2 and the limit of the second factor
is 1 · 1, so if we can show that the third factor has a limit as t → 0, we will have the
total limit. To do this, we write the last fraction as a sum of three terms and have
that our limit is now

lim
t→0

[
1 + cos(at)

a2

a2t2

sin2(at)

(
sin(3t) cos(3t)

sin(3t)
+

6t2 cos(3t)

sin(3t)
− t cos(2t) cos(3t)

sin(3t)

)]
.

In the first term of the sum, the sin(3t)’s cancel, making that term just cos(3t),
which goes to 1 as t → 0. In the middle term, we see that we have a factor of
t/ sin(3t), which if we multiply numerator and denominator by 3 will give us a factor
that tends to 1 as t → 0. We also note that limt→0 cos(3t) = 1. However, in that
term we still have a factor of t, which goes to 0 as t → 0, so the middle term tends
to 0. (Symbolically, we rewrite the middle term as

6t

3

3t

sin(3t)
cos(3t)

and see that its limit is 0.) Finally, in the last term, we need a factor of 3 in the
numerator (and thus introduce one in the denominator as well) in order to have
3t/ sin(3t). The cosine factors both have limit 1 as t → 0, and thus the limit of the
last term is 1/3. (Symbolically, we write the third term as

1

3

3t

sin(3t)
cos(2t) cos(3t),
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and observe that its limit is 1/3.) Hence, the limit does in fact exist and is

2

a2

(
1− 1

3

)
=

4

3a2
.

4. (5 points) Consider the functions pictured below. (Take f(0) = 1.)

-3 -2 -1 1 2 3

-1

-0.5

0.5

1

-3 -2 -1 1 2 3

-2
-1.5
-1

-0.5

0.5
1

f(x) g(x)

For what values of x is the function f(g(x)) continuous? For what values of x is the
function g(f(x)) continuous? Justify your answers.

Solution: We first consider f(g(x)). We know from the theorem on the continuity
of composition of functions that f(g(x)) is continuous at c if g is continuous at c
and f is continuous at g(c). Since f is continuous on all of [−3, 3] except at 0, we
automatically have that f(g(x)) is continuous anywhere that g(x) is not 0, and thus
we have that f ◦ g is continuous at least on [−3,−1) ∪ (−1, 2) ∪ (2, 3]. It remains
to investigate the continuity of f ◦ g at −1 and 2. As x approaches −1 from the
left, g(x) approaches 0 from the left (below), and thus f(g(x)) approaches 0 as x
approaches −1 from the left. As x approaches −1 from the right, g(x) approaches
0 from above, and thus f(g(x)) approaches 1 as x approaches −1 from the right.
Hence, f ◦ g is discontinuous at −1. Similarly,

lim
x→2+

f(g(x)) = 0 and lim
x→2−

f(g(x)) = 1,

and thus f(g(x)) is discontinuous at 2.

We now look at g ◦ f . Since g is continuous on the entire interval, we can focus
on how the continuity of f impacts us. When f is continuous at c, we get that
g ◦ f is continuous at c, so thus we automatically have that g ◦ f is continuous on
[−3, 0) ∪ (0, 3]. Now as x → 0−, we have that f(x) approaches 0 from the left and
thus g(f(x)) approaches 1. As x → 0+, we have f(x) approaches 1 from below, and
thus g(f(x)) approaches 1. That is, we have

lim
x→0−

g(f(x)) = 1 = lim
x→0+

g(f(x)),
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and further g(f(0)) = g(1) = 1, so therefore g ◦ f is continuous at 0, and thus is
continuous on all of [−3, 3].

5. (5 points) Show that there is a number c ∈ [1, 4] such that

csc
(π

3
c
)

=
c2

√
3
.

Solution: Let

f(x) = csc
(π

3
x
)
− x2

√
3
.

We need to show that there is a root of f in the interval [1, 4]. We first note that f is
not continuous at 3, as csc(π) is undefined. Thus, we need to find a smaller interval
if we hope to use the intermediate value theorem. Notice that csc((π/3)x) is defined
and continuous on [1, 2], as the sine is not zero on [π/3, 2π/3]. Now

f(1) = csc(π/3)− 1/
√

3 = 2/
√

3− 1/
√

3 = 1/
√

3

and
f(2) = csc(2π/3)− 4/

√
3 = 2/

√
3− 4/

√
3 = −2/

√
3.

Hence f(1) > 0 > f(2), so by the intermediate value theorem, we know that there is
c ∈ [1, 2] (and thus in [1, 4]) such that

csc
(π

3
c
)

=
c2

√
3
.
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