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1. (5 points) Find F ′(x) if

F (x) =

∫ e

8 arctan(
√

x+4π)

t4 ln t dt.

Solution: We use the chain rule combined with the first part of the Fundamental
Theorem of Calculus to compute this derivative after multiplying by −1 in order to
put the limit of integration that contains our variable as the upper limit. When we
do so, we have

F ′(x) = −(8 arctan(
√

x + 4π))4 ln(8 arctan(
√

x + 4π)) · 8 · 1

1 + (
√

x + 4π)2
· 1

2
√

x
.

2. (5 points) Find dy/dx if xy = yx.

Solution: We use logarithmic differentiation and implicit differentiation to solve
this problem. We first take the logarithm of both sides, using absolute values to
ensure that the logarithm is defined, and then differentiate. We have

xy = yx

⇒ y ln |x| = x ln |y|

⇒ y
1

x
+

dy

dx
ln |x| = x

1

y

dy

dx
+ ln |y|

⇒ dy

dx

(
ln |x| − x

y

)
= ln |y| − y

x

⇒ dy

dx
=

ln |y| − y
x

ln |x| − x
y

.

3. (5 points) Find the area of the region bounded by the curves y = x2, y = 1/x, y = 0,
and x = 2.

Solution: The region is shown in the figure below. From this, we see that it is
bounded above by y = x2 from 0 to 1 and then by y = 1/x from 1 to 2.
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Thus, the area of the region is∫ 1

0

x2 dx +

∫ 2

1

dx

x
=

x3

3

∣∣∣∣1
0

+ ln |x||21 =
1

3
+ ln 2− ln 1 =

1

3
+ ln 2.

4. (5 points) A particle moving along the x-axis has acceleration a(t) = 2t + 1 units per
second per second. At time t = 1, it is moving left at 4 units per second. Find the
average speed (not average velocity) of the particle from time t = 0 to time t = 4.

Solution: Since we have a value for the velocity function and the acceleration func-
tion, we can find the velocity function by first finding the indefinite integral of the
acceleration function. We have

v(t) =

∫
a(t) dt =

∫
(2t + 1) dt = t2 + t + C.

Since v(1) = −4 (the particle is moving left at 4 units per second at time t = 1, we
have

−4 = v(1) = 11 + 1 + C = 2 + C ⇒ C = −6,

and therefore v(t) = t2 + t − 6 = (t + 3)(t − 2). The average value of a continuous

function f on the interval [a, b] is 1
b−a

∫ b

a
f(t) dt, so to find the average speed, we need

to integrate the speed function, which is |v(t)|. Since we are only concerned with
the speed on the interval [0, 4], we only need to determine |v(t)| on that interval.
Considering the way v factors, we have

|v(t)| =

{
(t + 3)(2− t) 0 ≤ x < 2;

(t + 3)(t− 2) 2 ≤ x ≤ 4.
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Thus, the average speed on the interval [0, 4] is given by

1

4− 0

∫ 4

0

|v(t)| dt =
1

4

(∫ 2

0

(−t2 − t + 6) dt +

∫ 4

2

(t2 + t− 6) dt

)
=

1

4

([
−t3

3
− t2

2
+ 6t

]2

0

+

[
t3

3
+

t2

2
− 6t

]4

2

)

=
1

4

(
−8

3
− 4

2
+ 12 +

43

3
+

42

2
− 24− 23

3
− 22

2
+ 12

)
=

1

4

(
−16

3
+ 4 +

64

3

)
=

1

4

(
4 +

48

3

)
=

1

4
(4 + 16) = 5.

5. (5 points) Compute ∫ 2

0

(
sin
(πx

2

)
+

2x

x4 + 1

)
dx.

Solution: We use the linearity of the integral to compute this definite integral by
evaluating two separate integrals. The first is∫ 2

0

sin
(πx

2

)
dx =

2

π

∫ π

0

sin(u) du = − 2

π
cos(u)

∣∣∣∣π
0

= − 2

π
(cos(π)− cos(0))

= − 2

π
(−2) =

4

π
.

For the second integral, we use the substitution u = x2, and then du = 2xdx. Thus,
the integral is∫ 2

0

2x

x4 + 1
dx =

∫ 4

0

du

u2 + 1
= arctan(u)|40 = arctan(4)− arctan(0) = arctan(4).

Therefore, the integral we were asked to compute is 4
π

+ arctan(4).

6. (5 points) Find the indefinite integral∫
x

4
√

x + 2
dx.
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Solution: We use the substitution u = x + 2. Then du = dx and x = u − 2.
Therefore, the integral becomes∫

x
4
√

x + 2
dx =

∫
u− 2

4
√

u
du =

∫
u− 2

u1/4
du =

∫ (
u3/4 − 2u−1/4

)
du

=
u7/4

7/4
− 2

u3/4

3/4
+ C =

4

7
(x + 2)7/4 − 8

3
(x + 2)3/4 + C.

Page 4 of 4


